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The g i s t  of a n u m e r i c a l  method of solving cer ta in  nonl inear  boundary-va lue  p rob l ems  
in hea t -  and m a s s - t r a n s f e r  theory  is i l lus t ra ted  on an example  of a one-d imens ional  such 
p rob lem.  

The  numer i ca l  method which will be  shown he re  is convenient  for  effect ively  solving cer ta in  bound- 
a r y - v a l u e  p rob l ems  in hea t -  and m a s s - t r a n s f e r  theory ,  namely  p rob l ems  reducible  to a s y s t e m  of non-  
l i nea r  di f ferent ia l  equations of the el l ipt ic  kind. Such p r o b l e m s  a r i s e ,  for instance,  in the analys is  of 
s t eady  plain or  magnetohydrodynamic  flow of liquids through pipes and channels with var iab le  t r a n s f e r  
coeff ic ients .  When the t r a n s f e r  coefficients  under l a m i n a r  flow conditions a r e  t empera tu re -dependen t ,  
for  example ,  then the dynamic  p rob lem and the t h e r m a l  p r o b l e m  a r e  tied together  and a boundary-value  
p r o b l e m  involving a s y s t e m  of nonl inear  equations can genera l ly  be solved by numer ica l  methods only. 

The g is t  of  the p roposed  method can be explained on a s imple  example  of a one-d imens ional  bound- 
a r y - v a l u e  p r o b l e m  which is desc r ibed  by a s y s t e m  of two ord inary  di f ferent ia l  equations:  

--~-x ~. -~x ] + F = O' ~ x  B -~x + G = 0 ,  (1) 

where  the rea l  pos i t ive  coeff icients  A and B may  a r b i t r a r i l y  depend on x, u, and v, while F and G can de-  
pend a lso  on the der iva t ives  u' and v ' .  On the interval  x L -< x -< x R we seek  the solution to s y s t e m  (1) con-  
s t r a ined  by cer ta in  boundary conditions at  points x L and x R. We will solve this p rob lem by the s tabUiza-  
tion method. Sys tem (1) is r ep laced  by a s y s t e m  of parabol ic  par t i a l  d i f ferent ia l  equations:  

0 t A O u ~  0 ( B  Ov~ Ov 
~ x  i --~xx ) + e = - t n T '  au ] + G , (2) 

whose solution within the region [XL, XR] • [to, ~o] must  sa t i s fy  the s a m e  boundary conditions and cer ta in  
init ial  condit ions.  If  t he re  ex is t s  a solution to s y s t e m  (1) desc r ib ing  the s tabi l ized p r o c e s s ,  then functions 
utx, t) and v(x, t) a f te r  a suff ic ient ly  long t ime  become  s teady and r e p r e s e n t  the sought solution to (1). In 
o r d e r  to solve s y s t e m  (2) by the method of finite d i f fe rences ,  we introduce a space  gr id  and a t ime  gr id  
both genera l ly  nonuniform:  

x L = X o < X l < . . . < x ~ < . . . ~ x ~ = x  R, Ax i - - - - -x i+l~x i ,  

0 --- to < t~ < .  �9 �9 < t k < . . . .  Ath =- tk+l - -  tk, 

(3) 

and on them we cons t ruc t  an implici t  d i f fe rence  scheme  by the T i k h o n o v - S a m a r s k i i  integrointerpolat ion 
method [1]. 

We will es tab l i sh  the d i f ference  analog of the f i r s t  equation in ~2). Let t ing 

Xi+l 
~i=  x i + x i + l  k._ 1 . ~ u(x, tk) dx, 

�9 2 ' e?i - -  AX i 
x i 
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xi+l  tk+l  

Jt F ~. = I F (x. u (x, t) . . . .  ) dxdt, i = 0 to n - -  I, 
hx~ht~ 

x i t k 

[~ 1 p~(t)= ~ x  ' P~=  p~ (th)' i = O t o n ,  k = 0 ,  i, 2 . . . . .  
L Jx=~ 

(4) 

we  in t eg ra te  the f i r s t  equat ion of  s y s t e m  (2) o v e r  the reg ion  Ix i, x i +1] x irk, t k + l ] :  

lk+l 

(~+,  _ ,~) _AX,m~ = ~ ([A]~=*~+I P~+~ (t) - -  [A]~=.~ p, (t)) d t+F~ AxiAt h, 

t k 

i ~ - 0 t o n - - 1 ,  k = 0 ,  1, 2 . . . .  

(5) 

A c c o r d i n g  to [1], the in tegra l  is then r e p l a c e d  by its approx ima t ion :  

t k+ l  
1 

f (t) dt ~ V (t~+O + (i - z) f (t~). ( 6) 
Atk d 

tit 

hi o r d e r  to ensu re  the s tab i l i ty  of the d i f f e rence  equat ions ,  it is suf f ic ient  to s e l e c t  ~. > 1 / 2  (~. = 1 is a 
convenien t  choice ,  a s  it r e d u c e s  the amoun t  of  computa t ions ) .  

The  values  Pi of space  de r iva t i ve s  at  the g r id  nodes x i can be r e l a t ed  to the a v e r a g e  values ~0 i of  
function u, if we in tegra te  the a p p r o x i m a t e  equal i ty  

u (x) ~-. u (xi) + ( x - -  xi) Pi = [u (x,) ~ xgp~] + p,x (7) 

with r e s p e c t  to x f r o m  x i _  1 to x i and f r o m  x i to x i +t;  the sought  approx ima t ion  of the de r iva t ive  is 

P i =  , i = l t o n ~  1. (8) 

F u r t h e r  cons ide r i ng  only  boundary  condi t ions  of  the kind U(XL, t) = u L and u(xR, t) = u R for  the de r iva t i ve s  
at  the bo tmdary  poin ts ,  we obtain 

q)0 - -  UL U R ~ (Dn--1 p~ : (9) 

With  a f ixed k, e x p r e s s i o n  (5) with (6), (8), and (9) y ie lds  the sought  s y s t e m  of d i f f e rence  equat ions  

P1zl - -  (P1 + Po + Qo) zo = ~ Ro, 

P t + , z ~ + I ~ ( P ~ + i +  P i+Q~) z~  + P ~ z , : _ l = - - R i ,  i =  l t o n ~ 2 ,  

- -  (P,~ + P , , -1  + Q,,-~) z ~ - i  + P,,-I z . - 2  = - -  R, , -~ ,  

(lO) 

w h e r e  zi = ~pk +t (i = 0 . . . . .  n - l )  and the coef f i c ien t s  a r e  ca lcu la ted  a c c o r d i n g  to the formtf ias  

A~ +' Af +' A p '  
- - "  P~ , i = l t o n - -  l" P , ~ =  �9 
~o--  x ,  ' ~ - -  ~ i - 1  ' x R - -  ~ , , -1  ' 

Q i -  Axi , i = 0 t o n ~ I ;  
tnl~tk 

/~o =Po uL + Qo (q~ + m~At~F~); 

Ri ~- Q~ (~i ~ -+- mlAt~F~ ), i = 1 - -n  - -  2; 

(%-1 + mlAtr R.-1 = P~ u~ + q. -1  

Po 

(11) 

In o r d e r  to r e m o v e  the non l inea r i ty ,  we r e p l a c e  t k +  1 by  t k in the e x p r e s s i o n  

t A~ +~ =--A (x,, u(x , .  a + O , : v ( x .  k+~): 
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and let  

u (x .  th) z r  + x ~ _ ,  l~k ~ ~, 
~-~ ~ i  - -  ~ - ~  ' i - -  ~ ' i - ~ ,  

with the s ame  for v(xi,  tk). The quantit ies F k, i .e. ,  the values of 
the region [xi, x i +t] • irk, tk  +t] will be rep laced  by the values of 

h--~o ~x--XL ~o--XL h--  

~i'4:1 - -  ~ i  " 'g i+l  - -  g i - - I  - -  ~ i - - l '  " 

at i =  1 .+-n--2, 
U e - -  (D k ~n- - I  ~ ~n--2 (pk _ _  (pk n - - I  n--I  n--2 

x a ~ [n--~ X R -  ~n--2 + ~--~ ~ ~,~--~ 

at i = - n - - 1  

U x 

i = l t o n - -  1 (12) 

function F(x,u ,  v k u  x, v x) ave raged  over  
F a t x  =~i,  u =~0i, and v =r  

at i ~ O, 
X L "  - 

~+~ ~ 

~ + 1  ~ ~ - t  ( 1 3 )  

X R ~ ~n- - I  

X R ~ ~n--2 

and the s a m e  for  v x. 

The d i f ference  analog of the second equation in (2) we es t ab l i sh  by the s ame  p rocedure ;  it has the 
fo rm (10) for  z i = e k + t  with appropr ia t e  obvious modifications in fo rmulas  (11)-(13). 

the sought functions u and v have been approx imated  by  the i r  ave rage  values ~o k and ~b k (at Thus ,  
t ime  t = t,.) over  the in terva ls  Axi If ~k and ek  a r e  a l r eady  de te rmined ,  then the values of ~ k + l  and ~bk+t 

" L L t 1 

a re  found f r o m t h e  d i f ference  equations (10) solvable  by the el iminat ion method [2]. The el imination coef-  
f icients  a r e  calcula ted as follows: 

Vi+l  = P i + l  , Wi+j = PiW~ -}- Ri  , (14) 
Pi+I + Pi (1 - -  Vi) + Qi P~+l + Pi (1 - -  Vi) + Qi 

i = O - - n - - l ,  

where  V 0 = W 0 = O, and then the solution 

z i ----- V i + l  Zi+l 4- W i + l ,  i = n - -  1, n--2 . . . .  1, O, where z~=O. (15) 

is found. 

The s tabi l izat ion method may  be r ega rd ed  as an i terat ion method. The i terat ion is convergent  with 
suff ic ient ly  sma l l  At s t eps ,  but a too smal l  s tep will involve an unjustified longer  computation t ime.  On 
the o ther  hand, the magnitude of the &x s teps  has l i t t le  effect  on the convergence  of the i te ra t ions .  In 
se t t ing  up the a lgor i thm on a computer ,  t h e r e f o r e ,  it is convenient  to consider  two s tages .  F i r s t ,  with 
a space  gr id ,  one se lec t s  the t ime  sca le  fac tors  m 1 and m 2 which will ensure  convergence  and a fas t  
s tabi l iza t ion (without loss  of genera l i ty ,  one may  let  At = 1). The following ru le  is useful for  se lect ing m 1 
and m2: 

L~ I ~176 mi-' > max , > m a x  -~-v i . 

Then in o rder  to obtain the r equ i red  a c c u r a c y  of the solution, one switches  to a dense r  space  grid.  

It  is quite evident that  the implici t  s cheme  (10)-(11), as an analog of s y s t e m  (2), r e p r e s e n t s  a f i r s t -  
o r d e r  approximat ion .  With an increas ing  n u m b e r  of nodes n in the space  grid,  t he r e fo re ,  the e r r o r  de -  
c r e a s e s  r a t he r  s lowly (as n-t) .  The a c c u r a c y  of the solution can be improved signif icant ly by utilizing 
the feas ib i l i ty  of a nonuniform Xl-grid with the speci f ic  c h a r a c t e r  of  the sought solution p r o p e r l y  taken 
into considera t ion .  

One absolute  advantage of this s tabi l izat ion method is the feas ib i l i ty  of checking both the exis tence 
and the s tabi l i ty  of the solution while the l a t t e r  is const ructed.  

The p rocedure  shown he re  can, without difficulty,  be extended to two-d imens iona l  p rob l ems  (e.g.,  
in using the method of va r i ab le  d i rec t ions  [3] with r e s p e c t  to orthogonal  coordinate  axes) .  
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An application of this method in the problem of fluid flow with var iable  t r an s f e r  coefficients  through 
an MHD channel [4] has demonst ra ted  its g rea t  advantages over  other  e a r l i e r  methods used for solving this 
problem [5]. For  instance,  this method is much more  economical  and accura te  than the known method of 
coupled equations [6]; another  important  feature  of this method is its effect iveness  in solving the problem 
when the coefficients  of the l o w e r - o r d e r  der iva t ives  a re  small .  Thus,  it has been possible to obtain very  
accura te  solutions to the said problem in [4], with the Hartmann number  and the nonisothermal i ty  fac tor  by 
a few o r de r s  of magnitude higher  than would have been possible by the method of coupled equations~ 

2. 

3. 

4o 
5. 
6. 

LITERATURE CITED 

A. N. Tikhonov and A. A. Samarskii, Zh. Vychisl. Matem. i Matem. Fiz., 1__, No. 1 (1961). 
S. K. Godunov and V. S. RyabenTkii, Introduction to the Theory of Difference Schemes [in Russianl, 
Fizmatgiz, Moscow (1961). 
A. A. Samarskii, Introduction to the Theory of Difference Schemes [in Russian], Nauka, Moscow 
(1971). 
S. S. Filippov, Magnitnaya Gidrodinamika, I, 81 (1970). 
Yu. V. Sanoehkin and S. S. Filippov, Prikl.-Mekh. i Tekh. Fiz., No. 6, 58 (1966). 
J. N. Lans, Numerical Methods for High-Speed Computers [Russian translation], IL, Moscow 
(I962). 

543 


